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Standing on the shoulders of giants
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Schrodinger’s particle migration model

¢ Two sets of n boxes
{All, & {B}L,

* N particles initially
randomly located in
{Ai }:'1=1

» Each migration is an
independent event

g(jli) = Pr (be in B; ’ been inA; )




Schrodinger’s bridge problem

H.1 : Assign initial marginal
%A =a

H.2 : Assign final marginal

G5 =b
Q : Determine K = (k(i]j)) “close to” G = (g(i]j)) realizing the migration

Schrodinger’s solution: minimize
D.(K|G) = Zk(1| wo (i 8: ;
ij=1

“The so—called irreversible hws of nature, if one m’prw’fs ’fhem
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Modern formulations )




Cost of the transition depends on the dynamics

Divergence from a reference process

P, © = path measures

dpP
K(P || Q) =Epln 35
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Mean entropy production (stochastic thermodynamics)
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Mechanical Langevin-Kramers (underdamped) dynamics
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Kinematics compatible with thermalization

ZgT
mf3

dn, = — (Bt + (0U)(9)) ar + \/idwt

Physical motivation: open system in a bipartite environment

dg, = ptdt Al (8U,)(q,)dt 4 dw,

Cuccoli et al., Physical Review E 64, p. 066124, (2001). (bipartite environment: Josephson junctions)




Generalized Schrodinger bridges

Find a mechanical potential
steering the transition at
minimum cost in a given time
horizon

Controlled
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e Cost: entropy production — convexity problem!!
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Universal bound on the mean entropy production

Lower bound by Wasserstein 2-distance between the end PDFs
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& (underdamped) > = E(overdamped)
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For a bipartite classical system exceeds that of a part

S(Pr(¢,m)) = S(Pr(§)) + S(Pr(nl¢)) > S(Pr())




First order conditions for optimality
(stationary conditions)
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Mapping to a variational problem (model problem)

“Adjoint equation method”

.A[P, W, U] =Ep (Vh ('Q’haph) -V, ('q’zp pt,g))
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equivalently (modulo technicalities)

Fokker-Planck control: x = [gq, p]
Fokker-Planck
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Lagrange multiplier
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Mechanical potentials only depend upon “position”
Fokker-Planck evolution of the density:

(0 — &) fi(x) =0

Value function equation:

-
0+ 20 Vi) + T 0@ =0
m
Condition specifying the optimal control potential (g = 0):
- _ .. fila,p) BT _
((a Inf,)(q) + a,,) (/R d’p () OVilg.p) — 5 -(9U:)(q) | =0

fi(q) = / d'pf,(q,p)  (position marginal pdf)
R4

Boundary conditions: kinematically compatible with equilibria

e—B (%4—&(4)) e—ﬁ <”§’,‘,‘12+U,e(q)>
f,(x)=——— & f,(x)=




Takeaways

Similar equations (more cumbersome!) hold for the entropy production.

e For the entropy production g-regularization guarantees convexity in the
control.

Convexity in the control = existence of stationary egs.

e (Q: uniqueness of solutions? (boundary not Cauchy problem!)

Equations are non-local: average over momenta.

Gaussian case: optimal potential equation reduces to a Lyapunov
equation.

Equations have the correct overdamped (¢ ™\, 0) limit:

lim lim underdamped stationary eqs = overdamped stationary eqs
N0 N e

Muratore-Ginanneschi and Schwieger, Physical Review E 90, 060102(R), (2014). arXiv: 1408.5298



Analytical treatment:
finite-time Poincaré-Lindstedt expansion around over-damped
limit

Sanders, Baldovin, and Muratore-Gii i, Journal of Statistical Physics 191, p. 117, (2024). arXiv: 2403.00679
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Non dimensional variables identify a small parameter

t=17t & p:\/%p & g=Lg & U,z%U,

€= r
- \\mpBL2?

Optimal control equations in the 1d case
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Hierarchy in configuration space

Expansion in Hermite polynomials {H,} - unfolds the optimal

control equations in an infinite hierarchy
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Poincaré-Lindstedt method e s physia a 146, 0p 175.200, 108

Slow times, €.g. *t, treated as independent variables
£ (@) =80 (q) + Z e r)

vﬁ")(q) — (1), (n: k) + ng (n:k)

Et te2t

U.(q) = U¥(q +Ze u®

t,e2t,.

Cancellation of saecular terms (no need for slow variable £t)

ft(":iz) (q) = (n D (@)=0 Vn > 0 (boundary conditions)

e, lf et,.
vt("g (@)= t(: E’Z (@) Vn (cost only when the potential varies)
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Perturbative intertwining of hierarchy elements

Leading order

@) =89 +e2£°2 (@) + 0(%) vO(q) =v9(q) + 0(?)
() = ef"2)(q) + 0 v (q) =" () + O(?)
D(q) =22 (a) + 0(e) v (q) =vEP(q) e 270 + 0(e)
(@) = o0(e?) Vn >3 v (@) = v (q) e + 0(e)

Meaning of color code

Solutions of “cell” problem w.r.t. slow time £2t and q at order O(&?).
Solutions of differential problem only w.r.t. fast time t at order O(e) where

fo (©: O)( ), v (O O) (¢) and vS:tO) (¢) only appear as parameters.

Fixed by imposing that fE(Z2 t:z) satisfies the boundary conditions.

Enslaved or higher order quantities.




Gaussian case (numerics vs semi-analytical)

Cumulants exactly obey a finite set of ordinary differential
equations

08/ — Cq

(a) position variance (b) position mean value

— Ev-(Eo

(c) momentum variance (d) position momentum (e) momentum mean value
cross correlation

Figure: Horizon #t; = 3, ¢ = 0.1, red curves: non-perturbative numerics




Gaussian case

Second order cumulants and their co-states (non-dimensional)
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First order cumulants and their co-states (non-dimensional)
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Numerical analysis

Sanders, Baldovin, and Muratore-Ginanneschi, Eprint , , (2024). arXiv: 2407.15678
Sanders and Muratore-Ginanneschi, Eprint , , (2024). arXiv: 2411.08518
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Self-consistence of perturbative drift

Sanders and Muratore-Ginanneschi, Eprint , , (2024). arXiv: 2411.08518

Landauer erasure at minimum divergence from free diffusion
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0 02
Joint Distribution

Montecarlo method, we evolve M = 10 000 trajectories from a set of 2601 equally spaced points from the interval [—5, 5] X [—5, 5]. We use a time
step size h = 0.025 and integrate over trajectories using an Euler-Maruyama discretization. We use r, = 0, ’ﬂ =58 =25and T = m = 1. The

potential in the initial condition is given by with U, (¢) = 41 (g — l)4 and in the final condition with Uf(q) = 41 (q2 — 1)2.

v




Outlook

Exact numerical solution (in progress)
e Methods
[0 Indirect methods: solution of the stationary equations
(MonteCarlo +ML tools)
O Direct methods: finding minimum of the cost functional (infinite
optimization methods)
e Goal:
00 Underdamped half bridge.
0 Underdamped Landauer’s erasure model in finite time.
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