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Uncertainty Relations

Uncertainty relations: Quantum Mechanics
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Uncertainty Relations Uncertainty Relations I

Heisenberg’s 1927 paper

In Wheeler and Zurek, Quantum Theory and Measurement, (1983)
“The Physical Content of Quantum Kinematics and Mechanics”

“This indeterminacy is the real basis for the occurrence of statistical relations
in quantum mechanics.”

Hilgevoord and Uffink, “The Uncertainty Principle”, (2024)
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Uncertainty Relations Uncertainty Relations II

The interpretation of Kennard and Robertson
Kennard, “Zur Quantenmechanik einfacher Bewegungstypen”, Zeitschrift für Physik,
(1927)
Robertson, “The Uncertainty Principle”, Physical Review, (1929)
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Uncertainty Relations Uncertainty Relations III

Schödinger’s quest for “Anschaulichkeit”

Chetrite, Muratore-Ginanneschi, and Schwieger, The European Physical Journal H, (2021)
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Fürth

Enter Fürth
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Fürth Fürth

Fürth’s 1933 paper
L. Peliti & P.M.-G. arXiv:2006.03740 and Eur. Phys. J. H (2023) 48 :4

P. Muratore-Ginanneschi (Helsinki Univ.) Uncertainty Relations in classical statistical mechanics on-line 2024 8 / 30



Fürth Fürth

Reinhold Fürth: Prague

Born on 20.10.1893 in Prague, (Bohemia, Austro-Hungarian empire)
Gymnasium in Prague with emphasis on classical languages.
1912-16: Imperial German Charles Ferdinand University in Prague

Studies in experimental and theoretical physics, mathematics.
Introduced by Philipp Frank to relativity and Brownian motion

1920 first meeting with Einstein.
1922: F. explains the origin of measured deviations from Schottky shot
noise theory: landmark in telephone and radio engineering development.
1922: F. edits collection of Einstein’s papers on Brownian motion.
1933: “annus mirabilis”

“Über einige Beziehungen zwischen klassischer Statistik und
Quantenmechanik”, Zeitschrift für Physik, 81 143–162
”Einige Bemerkungen zum Problem der Neutronen und positiven
Elektronen”. Zeitschrift für Physik, 85(5-6):294–299
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Fürth Fürth

Reinhold Fürth: academic career

1920-38: Academic career at Prague’s Ger-
man University (notable colleagues: P. Frank,
R. Carnap )

1920 Privatdozent
1927 he became Aussenordentlicher
Professor in theoretical physics.
1931 full professor of experimental
physics and Head of the physics
department.
1937 Dean of the Faculty of Science
1938- Fall: “Munich agreement”: F. forced
to resign because non “aryan”
1939: Dismissal from University and
escape to England.
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Fürth Fürth

Reinhold Fürth: UK years
1939-47 60 Grange Loan, Edinburgh

Closest collaborator of Max Born (84 Grange Loan)
Born, Fürth, and Pringle. “A Photo-Electric Fourier Transformer” Nature,
156:756–757

1943 fellow of the Royal Society.
1947 F. becomes British subject.
1947-61 Reader at Birbeck college London (until retirement)
1951 “Physics of Social Equilibrium ” BAAS lecture & Nature
168:1048–1049
1965 Keith medal of the Royal Society of Edinburgh.

Physics of Social equilibrium’s plea
free discussion ... education to independent thinking and ... mixing of
population to take place

Overall production: 200 papers, several books and patents.
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Uncertainty Relations in Classical Statistical Physics

Uncertainty Relations in Classical Statistical Mechanics
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Uncertainty Relations in Classical Statistical Physics

Fürth’s 1933 main results
Fürth proves that

Fürth argues that
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Uncertainty Relations in Classical Statistical Physics

What does Fürth refer to when he writes ∆v ?

∆x∆v ≥ D

∆x :

mean square root of the position
process

D :

Diffusion coefficient
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Uncertainty Relations in Classical Statistical Physics

Diffusion process in Rd

First and second order cumulants of the increments specify the dynamics:

drift

bt(x) = lim
s ↘ 0

E

(
ξt+s − ξt

s

∣∣∣∣ξt = x
)

diffusion

Dt(x) =

lim
s ↘ 0

E

(
(ξt+s − ξt) ⊗ (ξt+s − ξt)

s

∣∣∣∣ξt = x
)

Free diffusion b = 0

∆v ̸= ∆b
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Uncertainty Relations in Classical Statistical Physics

Kolmogorov’s dual picture of the dynamics
Forward evolution of densities ("Schrödinger picture"):

∂tTt,s(x
∣∣y) + ∂x · bt(x)Tt,s(x

∣∣y) = 1
2
Tr ∂x ⊗ ∂xDt(x)Tt,s(x

∣∣y)
pt(x) =

∫
Rd

ddyTt,s(x
∣∣y)ps(y) t ≥ s

Backward evolution of observables ("Heisenberg picture"):

∂sTt,s(x
∣∣y) + bs(y) · ∂yTt,s(x

∣∣y) + 1
2
TrDs(y)∂y ⊗ ∂yTt,s(x

∣∣y) = 0

E
(
f (ξt)

∣∣ξs = y
)
=

∫
Rd

ddx f (x)Tt,s(x
∣∣y) t ≥ s

lim
|t−s|→ 0

Tt,s(x
∣∣y) = δd(x − y) in all cases
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Uncertainty Relations in Classical Statistical Physics

Time symmetric increments

Time reversal of Markov processes (Kolmogorov 1937)
Given pt(x) for all t ∈ [0,T] and x ∈ Rd

T
(R)

t,t+s(y
∣∣x)pt+s(x) = Tt+s,t(x

∣∣y)pt(y) s > 0

Current velocity

vt(x) = lim
s ↘ 0

E

(
ξt+s − ξt−s

2 s

∣∣∣∣ξt = x
)

definition

≡ lim
s ↘ 0

∫
ddy y

Tt+s,t(y
∣∣x)−T

(R)
t−s,t(y

∣∣x)
2 s

definition rewritten

= bt(x)−
1

2pt(x)
∂xDt(x)pt(x) calculation
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Uncertainty Relations in Classical Statistical Physics

Fürth’s first result

(∆ξt)
2 =

∫
Rd

ddxpt(x)∥x − E ξt∥2

(∆vt)
2 =

∫
Rd

ddxpt(x)∥vt(x)− E vt(ξt)∥2

Cauchy–Schwarz inequality

(∆ξt)
2(∆vt)

2 ≥
∣∣∣∣E (

ξt · bt(ξt)
)
− (E ξt) · E bt(ξt) +

1
2
ETrDt(ξt)

∣∣∣∣2

Free diffusion
Uncertainty relation
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Uncertainty Relations in Classical Statistical Physics

Case of a generic observable

Mean forward derivative

D+ ft(x) = lim
s ↘ 0

E

(
ft+s(ξt+s)− ft(ξt)

s

∣∣∣∣ξt = x
)

=

(
∂t + bt(x) · ∂x +

1
2
TrDt(x)∂x ⊗ ∂x

)
ft(x)

Time symmetric derivative

D ft(x) := lim
s ↘ 0

E

(
ft+s(ξt+s)− ft−s(ξt−s)

2 s

∣∣∣∣ξt = x
)

=
(
∂t + vt(x) · ∂x

)
ft(x)

vt(x) = bt(x)−
1

2pt(x)
∂x

(
Dt(x)pt(x)

)
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Uncertainty Relations in Classical Statistical Physics

Fürth’s second result(
∆ft(ξt)

)2
=

∫
Rd

ddxpt(x)
(

ft(x)− E ft(ξt)
)2

(
∆D ft(ξt)

)2
=

∫
Rd

ddxpt(x)
(
D ft(x)− ED ft(ξt)

)2

Cauchy–Schwarz inequality

(
∆ft(ξt)

)2(
∆D ft(ξt)

)2
≥∣∣∣∣E(

ft(ξt)D+ft(ξt)− ft(ξt) ED+ft(ξt) +
1
2
(∂ξt ft)(ξt) ·Dt(ξt) · ∂ξt ft(ξt)

)∣∣∣∣2

Uncertainty relation when f is a martingale
D+ ft(x) = 0 (physically: statistical conservation law)
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Uncertainty Relations in Classical Statistical Physics

Fürth on precision limits of the classical measurement

Uncertainty relations for diffusion processes: Brownian motion is
continuous but nowhere differentiable. Increasing the resolution of the
position observation reveals the ill-defined velocity.
More accurate measurements only by decreasing the diffusion coefficient
(e.g. low temperature!).
Assigning a position probability distribution via a position probability
amplitude is a way to "encode information" about velocities (as it appears
in Ehrenfest’s theorem).
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Developments

Developments in Quantum Mechanics
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Developments

Stochastic mechanics: Fényes
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Developments

Bridge relation?

Fokker-Planck becomes mass continuity:

0 = ∂tpt(x) + ∂x ·pt(x)

v(x, t)︷ ︸︸ ︷(
b(x, s)− 1

2pt(x)
∂xD(x, s)pt(x)

)
Remark (Fényes 1952): If ψ(x, t) satisfies the Schrödinger equation

pt(x) = |ψ(x, t)|2 & v(x, t) = Imψ∗(x, t)∂xψ(x, t)
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Developments

Stochastic mechanics: Nelson

Repeated measurement and non-locality
stochastic mechanical drifts are functionals of the state (which is not the case
in the classical theory of diffusion),

Grabert, Hänggi, and Talkner, “Is quantum mechanics equivalent to a classical stochastic process?”, Physical Review A, (1979)

Blanchard, Golin, and Serva, “Repeated measurements in stochastic mechanics”, Physical Review D, (1986)
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Developments

Developments in Classical Statistical Mechanics
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Developments

Stochastic thermodynamics
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Developments

Current velocity controls the entropy production

Average entropy production of a thermodynamic process:

Stf,ti ∝ E

∫ tf

ti

dt ∥v(ξt, t)∥2 ≥ 0

Gawȩdzki, “Fluctuation Relations in Stochastic Thermodynamics”, arXiv:1308.1518,
(2013)

Fürth inequality translates into an inequality for the flux of the entropy
production
Muratore-Ginanneschi and Peliti, Journal of Statistical Mechanics: Theory and Experiment, (2023)
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Developments

Open conclusions

Are uncertainty relations really the real basis for the occurrence of
statistical relations in Quantum Mechanics?

Busch, Lahti, and Werner, “Colloquium: Quantum root-mean-square error and
measurement uncertainty relations”, Reviews of Modern Physics, (2014)
Hilgevoord and Uffink, “The Uncertainty Principle”, (2024)
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Developments

Thanks!!!
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