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Introduction:

Micro- and sub-micro systems

e Here comes something

1st block 1st column J

2nd block 1st column

o Times long with respect to the
relaxation time of the reservoir.

o Markovian approximation.

Surundings

\——'-\r’_/

Univese.
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Introduction:

Schrédinger question

Let the probability to find the particle in a certain position be assigned not only
at time ¢, but also at a second time instant z, > #,:

w(x, o) = wo(x); wix, 1) = wi (x)

What is the probability for

w(x, )

intermediate times, i.e., for any ¢ such that

to <t<t ?
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Introduction:

Langevin—Kramers dynamics

2
dxi = (- %Sg) Oy Hdr + | /6—": S1/2 aw,

x:—x =[q,p]" € R* with¢g,p € R

lim E, tf(XH-dz) —f(x1) _

o dt

!
B

Dissipative structure

{ (OcH) - JT - Oy +§ (—(axH>-Sg~ax+
N—————

Symplectic structure

S, 0 ® ax> }f(x)

Zwanzig, R. Journal of Statistical Physics, 1973, 9, 215-220
Cépas, O. & Kurchan, J. EPJ B: Condensed Matter and Complex Systems, 1998, 2, 221-223
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Introduction:

Langevin—Kramers dynamics

Wiener increment

v
2
dxi = (- %sg) Oy H dt + /6—"; s;/z
ol o 1, 1d 0
H="T0 4 ulgn  9=| ¢ sgf

x: — x = [q,p]" € R¥ with ¢,p € R? J

. f(Xirar) —f(xr) _
gﬁ% Bt dr N

{ (OcH) - JT - Oy +§ (—(axH>-sg~ax+
N—————

Symplectic structure

1
B

Dissipative structure

S, 0 ® ax> }f(x)

Zwanzig, R. Journal of Statistical Physics, 1973, 9, 215-220
Cépas, O. & Kurchan, J. EPJ B: Condensed Matter and Complex Systems, 1998, 2, 221-223
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Introduction:

Abnormal fluctuation

Normal diffusion
o Fix initial data
o Fix final data

Final data (abnormal)
o observed first a normal distribution
o observed later an anomalous fluctuation

o anomalous fluctuation brought into beiing by reverting the sign of the
diffusion current!
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Introduction:

Evolution of probability densities

Double well in one dimension

Final state

Given the Hamiltonian H the
J Markovian transition probability density

_— p(x, t ]y, t,) is fixed

dynamics
p(xa tf) =

T R T — /ddyp(x,rny?ro)p(y?ro)
Initial state= p(x, 1,) R4

P. Muratore-Ginanneschi (Helsinki Univ.) Uncertainty Relations and Diffusion Processes Helsinki 2020 7/26



Introduction:

Asymptotic state of probability densities

For any choice of the parameters:

o Einstein relation:
The covariance of the noise is aligned with the matrix S, appearing in the
dissipative force S,0.H.

0 H theorem.
@ Boltzmann equilibrium: if the potential energy is confining

Poo(¥) o< exp — 3 (HPHZ (q)>
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Controlled diffusions Schrédinger diffusion problem

Schrédinger diffusion problem (1931)

Schrédinger, “Uber die Umkehrung der Naturgesetze”
Sitz.-Ber. d Preuss. Akad. d. Wiss., Phys.-math. Klasse, 1931
o end states given
o the drift steering the transition along the path of a diffusion is unknown
o how to choose it?
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Controlled diffusions

Schrodinger diffusion problem

Transition between two assigned states in a finite time

Double well in one dimension

‘ 6 \ (13
AN A\
5f / 5t
S Controlled \/
4r 4t
of Markovian of
) dynamics )
—I2 —IW 0 ; é —‘2 —II ; ‘2
Initial state Final state )

Schradinger, “Uber die Umkehrung der Naturgesetze”

Sitz.-Ber. d Preuss. Akad. d. Wiss., Phys.-math. Klasse, 1931
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Controlled diffusions Schrédinger diffusion problem

The 1931 idea

Minimize a Kullback—Leibler divergence (introduced in 1951)

drift = argmin,, / dP[u] In dl;l[su]

Kullback, S. & Leibler, R. Annals of Mathematical Statistics, 1951, 22, 79-86
Aebi, R. Schrédinger Diffusion Processes Birkhauser, 1996, 186
Chung, K. L. & Zambrini, J.-C. Introduction to random time and quantum randomness World Scientific, 2003, 1, 211
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Controlled diffusions Schrédinger diffusion problem

The 1931 idea

Minimize a Kullback—Leibler divergence (introduced in 1951)

: . dP[u]
drift = argmin, ¢ /dP[u] In P

o P measure of a fixed reference diffusion process.

o P measure of a diffusion process matching the boundary data.
o u drift of a diffusion process matching the boundary data.

o A space of admissible drifts.

Kullback, S. & Leibler, R. Annals of Mathematical Statistics, 1951, 22, 79-86
Aebi, R. Schrédinger Diffusion Processes Birkhauser, 1996, 186
Chung, K. L. & Zambrini, J.-C. Introduction to random time and quantum randomness World Scientific, 2003, 1, 211
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Kolmogorov 1936

Zar Theorie der Markoffschen Ketten.

Voo
A Kol 5 i

Die den B B hei mir, trotz ibrer Einfachbeis,
nen wvnd niche ohne I for gewisse physikalische A -
sein, imbemndexe fir die Analyse der Usmkehrbarkeit der statistischen
iche Herr Schrods im Walle eines spesiclion Beispiels
durchgefuhn hat®). To der ist es gleich-
Ser A _@iber die in Betrache
laufe ¢ alle recllen che. oder man bemln—inh-c .-ch auf die Heranzichung
der manzzabligen Wem von £ Trer ki h Markoffscher

Ketten =

x der Mar Hette.

Wir ein physikali ¥ . sich im jedem
i z im der i s sed =, .

Ea. .... By befinden kann. Wir setzen dabei voraus, daf far je zwei
tiode E, und E _und je zwei Zeitmomente ¢ und = £ = s. cipe be-
= P,

der V. = dg z
i i =

— :

bh 3, i der bedi
Keuntnissen abeg- die V.
At ai
1 Glei der Th

) Poin (s, 1) — A::PiJ (=, w) Fyu (2s. 2). s = w = &
AuSer der ¥Fund igleich «1y ' wir die Formeln
[ Py (2. =) = O,
3 %‘ Py (2. sy — 1.
(S5] Loy (2, 8) = Bis,

wobei S,; gleich O oder 1 ist, je nachdem 3 = %k, oder 5 == &k ist.
— = UNIVERSITY OF HELSINKI

1) Beorliner Berichte 1931, S. l44.

IS PR TR NN, (jeriainty Felations and Difusion S




. Comoledsifusons Schrocingerdifusion provem
Kolmogorov 1937

Zur Umkehrbarkeit der statistischen Naturgesetze.

Von
A. Kol ££ in
1.
Die Problemstellung.

Bs wird eine o i 1 £ ial, - s
keit R betrachtet. Sei fit, =, y)dy, €y, -..dy, die Wahrscheinlichkeit
deg Uberganges, im Laufe der Zeit £ = O, aus dem Punkte = in einen
Punkt 7, dessen Koordinaten 7, die Unbngleichungen ’.<m<y‘+dg.
befriedi Wir daB f(f, = y) Ableitucgen bis zu einer

4 Bohen Ord besi and den :
1y fie. = ¥) = O,
@) Ji---jree=way.dy, ...dy. = 1.
3) fls+ 6= ¥) — )‘5...,!'(:. = D fE = A, d . d .

ff-jre mm @y dya - dy. — 1.

P (x) dann

<)
¢ mit £ —» O, falls = innerhalb des Gebietes & liegt.
Ist die Funktion 7(f =, w) b so defini die Fu

und nur deno eine mit f(f = o) tich v .
keitsverteilung, wenn die Bedingungen:

) (z) =0,

s) I-_‘...J’(s)dz.dz‘._.da.=l,l

(o) Pl — jj’...'{p(s)fu,z,y)dz‘dz..”dz..

erfialle sind.

Die stationare Verteilung ist ergodisck, falls, bei belicbigen = und y, die
Relation f (% *, ¥) - P (y) mit £ —~ oo stattfindet. Ee folgt aus der Formel (7).

daB eine Vertei auch die einzige statio-

niEre Verteilung ist, d. b.: sobald cine disch B v o (=)

1) Vel. A. Kolmogoroff: s) Uber die anslytischen Methoden im der Wahr-

i Mazb. A 104 ueau. 8. 415—458. b) Zur Theorie der
Mach. (1933). S. 149—160.
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Controlled diffusions Explicit form of the optimal control problem

Divergence between two mechanical systems

dg, = <1’Z” - 7—g3§,U> dr +

2¢T

mf3

dy, = — (wt +851U> dt+1/2—mdwt
T T8

dw,, dw, independent d-dimensional Wiener processes

dw,
m m
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Controlled diffusions Explicit form of the optimal control problem

Divergence between two mechanical systems

Compare two systems with potentials U fori = 1,2

. 20
dg, ) = <7;ir T8 0, U > dr + njgdwt

d¢t(i) - _ (¢t Oe U()) dr + ’i—rgdw,

dw,, dw, independent d-dimensional Wiener processes

Kullback—Leibler divergence for a transition for z € [z, , #]

1 fr
K(P®|pW) = %/ dt Epe [0, (U — U)|P?
1o
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Refined second law Schrédinger diffusion: alternative formulation

Fluctuation relations, time reversal and entropy

production
Nelson, E. Dynamical Theories of Brownian Motion, Princeton University

Press, 2001, 148
Gallavotti & Cohen, Phys. Rev. Lett., 74, 2694-2697 (1995).
Kurchan, J. Phys. A, 31, 3719 (1998).

Sekimoto, K. Progress of Theoretical Physics Supplement, 1998, 130,

17-27
Lebowitz & Spohn, Stat. Phys., 95, 333-365 (1999).

Maes, C., Redig, F. & Moffaert, A. V., J. Math. Phys., 41, 1528-1554
(2000).

Jiang, D.-Q., Qian, M. & Qian, M.-P. Mathematical Theory of
Nonequilibrium Steady States Springer, 2004, 1833, 276

Chétrite & Gawedzki, Comm. Math. Phys., 282, 469-51 (2008).

Bertini, L., Sole, A. D., Gabrielli, D., Jona-Lasinio, G. & Landim, C
Reviews of Modern PhyS|cs 2015, 87 593-636
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Refined second law Schrédinger diffusion: alternative formulation

Kullback—Leibler as indicator of irreversibility

Forward process with measure Pg: ¢ increases from ¢, to #

2m

BT

law

dx = (J- ?Sg) Oy, Hdt + S/PdW. & xi, Fps,

Backward process with measure Pp: t decreases from ¢ to ¢,

[2
dx; = (J + gsg) Oy H dt + B—'Z SV2aW, & xi. Zp,
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Refined second law Schrédinger diffusion: alternative formulation

Kullback—Leibler as indicator of irreversibility

Forward process with measure Pg: ¢ increases from ¢, to #

2
= (J-78:) O dr | [Z2S W, & x, .

Backward process with measure Pp: t decreases from ¢ to ¢,

2m

dx = (J+8, ) O Hat + =

|
S;/del & Xt = Pr

Entropy production during the transition

dPp
K(Pr||Pg) = PrIn —
(PelPa) = [ dpr 1 -
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Refined second law Schrédinger diffusion: alternative formulation

Explicit form of the cost functional

Dynamics Boundary conditions

: 2 :

= (- Eocu) e [T am | putgp) e —5 (L 1 ug)
2

dep, = — <1’b’ +6E, )dt+ /%dwt (q p) x exp —f3 <|p’l =+ Uf(‘l))

Kullback—Leibler divergence for a transition for r € [z, , #]

K(Pr || P3) = Gibbs—Shannon entropy change — By

" dr ||¢t||2 2
+/lo E{ (|a Ul - 4% )}

Vanishes at equilibrium !
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Refined second law ~ Solvable cases

Equilibrium

Maxwell-Boltzmann equilibrium

o) = o) x e {5 (2L + 010)) |

The equations preserve equilibrium.
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Refined second law ~ Solvable cases

Overdamped expansion
The typical length scale L of U,, U defines a characteristic time

TTL
*=——=
Bm
The overdamped limit
e=L <1 7 ~ momentum equilibration time scale

TL

We may look for a control strategy of the form
H(q,p,1) W)” +Z€”/2 Veg,tetet..)
Vig,p,?) Zs"/z\/(pﬁ,tftst )
p(P.qp,11,0) = > 7 p,(p,VEq VELEL )
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Refined second law ~ Solvable cases

Configuration space dynamics in the overdamped limit
V(p,q,t) = (t 57) + HPHZ + Vo (Veq.et) + O(Ve)
d/2 Sl
o.a) = (0] e pua(vEg.2) + OWVE)

™m

Overdamped solution: p(q,?) = e 54" & g, = \/cq & t, = ¢t

1 - 1 - .
0,S — il m+ 8) (Oq,U) - 0g,S + %aﬁl U=0 mass conservation
_ 1 . .
8,0 -~ (2; 8) 105, U|I* =0 HJB equation
1- - iy
Voo —U=U— BS =U extremal condition
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Refined second law ~ Solvable cases

Gaussian case

Solvable for g > 0
o Optimal control equation reduce to a finite dimensional kinetic hierarchy.
o Cumulants obey a finite set of ordinary differential equations.
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Refined second law ~ Solvable cases

Exact solution in the Gaussian case: covariance

matrix ,
covariances as g — 0

var(qy) var(p,)
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Refined second law ~ Solvable cases

Slow Manifold for g =0

o Away from bounda?y: slow manifolg'5

— [ apPOPD 5 i piy =0
o= [ Sl v

Fokker-Planck + dynamic programming for g = 0

o At the boundary: g | 0 exponentially connects the slow manifold and
boundary conditions

P. Muratore-Ginanneschi (Helsinki Univ.) Uncertainty Relations and Diffusion Processes Helsinki 2020

23/26



Refined second law ~ Solvable cases

Exact solution in the Gaussian case: mean values

meanas g — 0

mean(q,)
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Conclusions

Summary

o Symplectic structure introduces non local constraint.

o Optimal protocol (when they exist) describe transitions between
non-equilibrium states

o Lower bound for accelerated equilibration.

o As we decrease the effect of thermal fluctuations we recover optimal
control by Langevin—Smoluchowski dynamics.

o What beyond the overdamped limit?
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