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Introduction:

Micro- and sub-micro systems

• Here comes something

1st block 1st column

2nd block 1st column
Times long with respect to the
relaxation time of the reservoir.
Markovian approximation.

P. Muratore-Ginanneschi (Helsinki Univ.) Uncertainty Relations and Diffusion Processes Helsinki 2020 3 / 26



Introduction:

Schrödinger question

Let the probability to find the particle in a certain position be assigned not only
at time to but also at a second time instant t1 > t0:

w(x, t0) = w0(x); w(x, t1) = w1(x)

What is the probability for

w(x, t)

intermediate times, i.e., for any t such that

t0 ≤ t ≤ t1 ?
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Introduction:

Langevin–Kramers dynamics

��
��↙ Wiener increment

dχt =
(

J− m
τ

Sg

)
∂χt H dt +

√
2 m
β τ

S1/2
g dWt

��
��

H =
‖p‖2

2
+ U(q, t) J =

[
0 1d

−1d 0

]
Sg =

g τ 2

m2 1d 0
0 1d



χt 7→ x = [q , p]† ∈ R2d with q , p ∈ Rd

lim
dt↓0

Ex,t
f (χt+dt)− f (χt)

dt
={

(∂xH) · J† · ∂x︸ ︷︷ ︸
Symplectic structure

+
m
τ

(
−(∂xH) · Sg · ∂x +

1
β

Sg : ∂x ⊗ ∂x

)
︸ ︷︷ ︸

Dissipative structure

}
f (x)

Zwanzig, R. Journal of Statistical Physics, 1973, 9, 215-220
Cépas, O. & Kurchan, J. EPJ B: Condensed Matter and Complex Systems, 1998, 2, 221-223
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Introduction:

Abnormal fluctuation

Normal diffusion
Fix initial data
Fix final data

Final data (abnormal)
observed first a normal distribution
observed later an anomalous fluctuation
anomalous fluctuation brought into beiing by reverting the sign of the
diffusion current!
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Introduction:

Evolution of probability densities

Double well in one dimension

Initial state= p(x, to)

Markovian

dynamics

Final state
Given the Hamiltonian H the
transition probability density
p(x, tf | y, to) is fixed

p(x, tf) =∫
R2 d

ddy p(x, tf | y, to) p(y, to)
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Introduction:

Asymptotic state of probability densities

For any choice of the parameters:
Einstein relation:
The covariance of the noise is aligned with the matrix Sg appearing in the
dissipative force Sg∂xH.
H theorem.
Boltzmann equilibrium: if the potential energy is confining

p∞(x) ∝ exp−β
(
‖p‖2

2 m
+ U(q)

)
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Controlled diffusions Schrödinger diffusion problem

Schrödinger diffusion problem (1931)

Schrödinger, “Über die Umkehrung der Naturgesetze”
Sitz.-Ber. d Preuss. Akad. d. Wiss., Phys.-math. Klasse, 1931

end states given
the drift steering the transition along the path of a diffusion is unknown
how to choose it?
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Controlled diffusions Schrödinger diffusion problem

Transition between two assigned states in a finite time

Double well in one dimension

Initial state

Controlled

Markovian
dynamics

Final state

Schrödinger, “Über die Umkehrung der Naturgesetze”

Sitz.-Ber. d Preuss. Akad. d. Wiss., Phys.-math. Klasse, 1931
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Controlled diffusions Schrödinger diffusion problem

The 1931 idea

Minimize a Kullback–Leibler divergence (introduced in 1951)

drift = argminu∈A

∫
dP[u] ln

dP[u]

dP̄

P̄ measure of a fixed reference diffusion process.
P measure of a diffusion process matching the boundary data.
u drift of a diffusion process matching the boundary data.
A space of admissible drifts.

Kullback, S. & Leibler, R. Annals of Mathematical Statistics, 1951, 22, 79-86
Aebi, R. Schrödinger Diffusion Processes Birkhäuser, 1996, 186
Chung, K. L. & Zambrini, J.-C. Introduction to random time and quantum randomness World Scientific, 2003, 1, 211
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Controlled diffusions Schrödinger diffusion problem

Kolmogorov 1936
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Controlled diffusions Schrödinger diffusion problem

Kolmogorov 1937
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Controlled diffusions Explicit form of the optimal control problem

Divergence between two mechanical systems

dξt =

(
ψt

m
− τ g

m
∂ξt U

)
dt +

√
2 g τ
mβ

dwt

dψt = −
(
ψt

τ
+ ∂ξt U

)
dt +

√
2 m
τ β

dωt

dwt, dωt independent d-dimensional Wiener processes

Kullback–Leibler divergence for a transition for t ∈ [to , tf]

K(P(2)‖P(1)) =
β τ (1 + g)

4 m

∫ tf

to
dt EP(2) ‖∂ξt (U(1) − U(2))‖2
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Controlled diffusions Explicit form of the optimal control problem

Divergence between two mechanical systems
Compare two systems with potentials U(i) for i = 1, 2

dξt
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(i)
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Refined second law Schrödinger diffusion: alternative formulation

Fluctuation relations, time reversal and entropy
production
• Nelson, E. Dynamical Theories of Brownian Motion, Princeton University

Press, 2001, 148
• Gallavotti & Cohen, Phys. Rev. Lett., 74, 2694-2697 (1995).
• Kurchan, J. Phys. A, 31, 3719 (1998).
• Sekimoto, K. Progress of Theoretical Physics Supplement, 1998, 130,

17-27
• Lebowitz & Spohn, Stat. Phys., 95, 333-365 (1999).
• Maes, C., Redig, F. & Moffaert, A. V. , J. Math. Phys., 41, 1528-1554

(2000).
• Jiang, D.-Q., Qian, M. & Qian, M.-P. Mathematical Theory of

Nonequilibrium Steady States Springer, 2004, 1833, 276
• Chétrite & Gawȩdzki, Comm. Math. Phys., 282, 469-51 (2008).
• Bertini, L., Sole, A. D., Gabrielli, D., Jona-Lasinio, G. & Landim, C.

Reviews of Modern Physics, 2015, 87, 593-636
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Refined second law Schrödinger diffusion: alternative formulation

Kullback–Leibler as indicator of irreversibility

Forward process with measure PF: t increases from to to tf

dχt =
(

J− m
τ

Sg

)
∂χt H dt +

√
2 m
β τ

S1/2
g dWt & χto

law
= pto

Backward process with measure PB: t decreases from tf to to

dχt =
(

J +
m
τ

Sg

)
∂χt H dt +

√
2 m
β τ

S1/2
g dWt & χtf

law
= ptf

Entropy production during the transition

K(PF‖PB) =

∫
dPF ln

dPF

dPB
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Refined second law Schrödinger diffusion: alternative formulation

Explicit form of the cost functional

Dynamics

dξt =

(
ψt

m
− τ g

m
∂ξt U

)
dt +

√
2 g τ
mβ

dwt

dψt = −
(
ψt

τ
+ ∂ξt U

)
dt +

√
2 m
τ β

dωt

Boundary conditions

pι(q, p) ∝ exp−β
(
‖p‖2

2 m
+ Uι(q)

)
pf (q, p) ∝ exp−β

(
‖p‖2

2 m
+ Uf (q)

)

Kullback–Leibler divergence for a transition for t ∈ [to , tf]

K(PF ‖PB) = Gibbs–Shannon entropy change− tf − to
τ

d

+

∫ tf

to

dt
τ

EPF

{
‖ψt‖2

m
+

g τ 2

m

(
‖∂ξt U‖2 − 1

β
∂2
ξt

U
)}

Vanishes at equilibrium !
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Refined second law Solvable cases

Equilibrium

Maxwell–Boltzmann equilibrium

pi(x) = pf(x) ∝ exp

{
−β
(
‖p‖2

2 m
+ Ū(q)

)}

The equations preserve equilibrium.
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Refined second law Solvable cases

Overdamped expansion
The typical length scale L of Uι, Uf defines a characteristic time

L2 =
τ τL

β m

The overdamped limit

ε ≡ τ

τL
� 1 τ ∼ momentum equilibration time scale

We may look for a control strategy of the form

H(q, p, t) =
‖p‖2

2 m
+
∑

n

εn/2 Un
(√
ε q, t,

√
ε t, ε t . . .

)
V(q, p, t) ≡

∑
n

εn/2 Vn(p,
√
εq, t,

√
ε t, ε t, . . . )

p(p, q1, t, t1, t2) ≡
∑

n

εn/2 pn(p,
√
ε q, t,

√
ε t, ε t, . . . )
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Refined second law Solvable cases

Configuration space dynamics in the overdamped limit

V(p, q, t) =
(tf − t0) d
β τ

+
‖p‖2

2 m
+ V0:1

(√
εq, ε t

)
+ O(

√
ε)

p(p, q, t) =

(
β

2πm

)d/2

e−
β‖p‖2

2 m p0:1(
√
εq, εt) + O(

√
ε)

Overdamped solution: p(q, t) = e−S(q,t) & q1 =
√
ε q & t2 = ε t

∂t2 S− τ (1 + g)

m
(∂q1

Ũ) · ∂q1
S +

τ (1 + g)

m
∂2

q1
Ũ = 0 mass conservation

∂t2 Ũ − τ (1 + g)

2 m
‖∂q1

Ũ‖2 = 0 HJB equation

V0:1 − U = U − 1
β

S̃ = Ũ extremal condition
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Refined second law Solvable cases

Gaussian case

Solvable for g > 0
Optimal control equation reduce to a finite dimensional kinetic hierarchy.
Cumulants obey a finite set of ordinary differential equations.
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Refined second law Solvable cases

Exact solution in the Gaussian case: covariance
matrix

covariances as g→ 0

 1

 2

 0  0.5  1

var(qt)

 1

 2

 0  0.5  1

var(pt)

-1

 0

 1

 2

 0  0.5  1

cov(qt, pt)

Convergence to slow to a slow manifold:
not all boundary conditions can be satisfied for g = 0.
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Refined second law Solvable cases

Slow Manifold for g = 0

-1

 0

 1

 0  0.5  1

cov(qt,pt)

Away from boundary: slow manifold

f p =

∫
Rd

ddp
p(q, p, t)
p̃(q, t)

∂pV(q, p, t) = 0

Fokker-Planck + dynamic programming for g = 0
At the boundary: g ↓ 0 exponentially connects the slow manifold and
boundary conditions
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Refined second law Solvable cases

Exact solution in the Gaussian case: mean values

mean as g→ 0

 0

 1

 2

 0  0.5  1

mean(qt)
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Conclusions

Summary

Symplectic structure introduces non local constraint.
Optimal protocol (when they exist) describe transitions between
non-equilibrium states
Lower bound for accelerated equilibration.
As we decrease the effect of thermal fluctuations we recover optimal
control by Langevin–Smoluchowski dynamics.
What beyond the overdamped limit?
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Conclusions

Thanks to

Kay Schwieger

Collaborators on related problems
Carlos Mejía-Monasterio
Erik Aurell
Krzysztof Gawȩdzki
Luca Peliti
Roya Mohayaee
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